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FOR iterations 1 to 4 _
Compute observation set p. using X (#,)
Ap:i= p—p,
0p/0X 1= ;T .
Computation of estimated state X (#,) and updating
of U, D factors using UDUT sequential estimation
algorithm
D:=D+Q
X(t) := X(1p)

NEXT ITERATION

L=

X(tl) = X(tz)

END
END

Conclusion

By utilizing the range to three active landmarks, an estima-
tion algorithm has been developed to estimate the geodetic
satellite position. Simulation results showed that with such a
simple model a position determination accuracy of better than
200 m can be achieved. The algorithm porposed is well suited
for onboard applications because of its simplicity.
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I. Imtroduction

EIGHT limits imposed on space-based systems, such as
robots, lead to highly flexible structures. Consequently,
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compensation for structural flexibility is an important factor
in achieving perfbrmance specifications.!3 High-accuracy
endpoint positioning requires direct measurement of end-
effector position and possibly of displacements at intermedi-
ate locatjons, thus creating a noncollocated control system.
Separating the actuators and sensors creates a delay between
control action and sensors measurement, adversely affecting
both system stability and performance. Propagation delay in
flexible links has been experimentally found* to significantly
limit control system performance.

In this Note, application of Euler and Timoshenko beam
theories to flexible link modeling for control design is exam-
ined from several points of view. In addition to transfer func-
tions (gain and phase), frequency-domain wave propagation
solutions are obtained for both the Euler and Timoshenko
models by using transform techniques. The resulting disper-
sion equations are analyzed to explain differences between the
models and the impact of these differences on factors pertinent
to control design, such as time delay. Bounds on the range of
validity of Euler theory for control modeling are obtained by
comparison of transfer functions with those resulting from
Timoshenko theory.

II. Dynamic Equations of Motion
Consider the motion of a rotation beam undergoing a bend-
ing deformation y(x,?) and a cross-sectional rotation J(x,t).
Assuming small motions, the resulting equations of motion are

AY dy %y
EI—ax2 + kGA <:9; - \l/> - pI_at2 =0 (la)
?y Py oy
pA T kGA <—-—ax e 0 (1b)

where p.is the mass density, A cross-sectional area, E the
Young’s modulus, G the shear modulus, « the Timoshenko
shear coefficient, and I the area moment of inertia.

Equations (1) represent the Timoshenko beam model This
model includes both the rotary inertia and shear effects and is
the most accurate model that derives from strength of materi-
als. The shear coefficient « is dimensionless and depends on
Poisson’s ratio and the shape of the cross section (see Ref. 6).

If both shear and rotary inertia are neglected, the Euler-
Bernoulli model results:

o'y (x.1)
T.
El ax4 + p. 6t2

A Pyeet) _ 0 @

II1. Solution Methods

To solve the equations of motion, a Laplace transform with
s as the time transform variable is taken. The resulting ordi-
nary differential equation for the Laplace transform has the
characteristic equation for the Euler-Bernoulli model:

p*+ [pA/EDN)/s2 =0 3)

and for the Timoshenko model:

4_P 2 EN .04, pls® -
D Es<l+KG)p +EIS<1+:<GA 0 “@

The solution has the form

n=4
y(x.s) =Y, Cu(S)e?r &)
n=1
where the characteristic exponents p,, n = 1,2,3,4 are the roots
of Eqs. (3) and (4), respectively. Explicitly, for the Euler-
Bernoulli beam

A%
o= i<—‘;—,> 5" (62)
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Ya
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whereas for the Timoshenko model

_ (21 E
Pra= *(25) K”xa)s
E,\ , 4EA]¥)*
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Since the form of the solution, given by Eq. (5), is the same for
both models, the qualitative difference in behavior of the mod-
els is completely determined by these roots.

Wave Solution

The characteristic equations given by Eqgs. (3) and (4) could
also be obtained by assumings a wave-type solution in the
equations of motion:

yx,t) = Ce®+5) ®

Letting p =ik and s =iw, Eqgs. (3) and (4) become dispersion
equations relating the time frequency w and wavenumber k.
Note that these dispersion equations have either pure real or
pure imaginary roots. The roots of the dispersion equation
k(w) determine the character of the solution for any given
frequency. Specifically, real k results in ‘a propagating wave,
and imaginary k results in a decaying wave. The transition
between these two qualitatively different types of solutions
occurs when k =0. The frequency for which k{(w)=0 is called
the cutoff frequency. From Eq. (3) it is clear that k=0 is a
solution only when =0, and therefore the Euler-Bernoulli
model has two propagating and two decaying models at all
frequenc1es For the Timoshenko beam, Eq. (4) shows that
k =01s also a solution for w, = (kGA/ pI)*; therefore, a tran-
sition from decaying waves to propagating waves occurs at this
frequency. '

A comparison between the dispersion curves of the Euler-
Bernoulli model, the Timoshenko model, and the dispersion
curve of the exact Pochhammer frequency equation derived
from three-dimensional elasticity theory for a beam with a
solid circular cross section is given in Refs. 5 and 7. The
comparison shows that the Euler-Bernoulli curve agrees with
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the exact solution only at very low frequencies. In particular,
the imaginary branch of the solution diverges significantly
from the exact modél even at relatively low frequencies. On the
other hand, the agreement between the Timoshenko and exact
solution is excellent on both branches up to and beyond the
cutoff frequency. The cutoff frequency w.=(kxGA/pl)",
where the imaginary loop transitions into a second real branch,
marks the frequency at which shear modes propagate.

For a real wavenumber &, the horizontal phase velocity is
defined by ¢ =w/k. It can be shown easily that for the Euler-
Bernoulli beam the speed increases without bound, given non-
physical values of speeds for high frequencies. The Timo-
shenko beam model, on the other hand, has two branches that
reach limit velocities at high frequencies. The first branch
exists at all frequencies and approaches a speed (xG/p)*:. The
second branch starts at the cutoff frequency and approaches a
speed of cy=(E/p)*. Using the wave approach, the equivalent
delay time for a 1-m-long beam was computed as shown in Fig.
1.

IV. Analysis of Rotating Flexible Link

Two pinned-free beams are analyzed: a thin solid rectangu-
lar (10x0.277 cm) slab and a thin-walled (0.1 cm) hollow
square (10 X 10 cm). Gain vs frequency of the thin solid beam
transfer function from a torquer at the pinned end to the total
deflection at x =0.8 was computed. For this case, the Euler-
Bernoulli and Timoshenko models remain indistinguishable
beyond the 10th modal frequency and the Timoshenko model
cutoff frequency is almost 57,000 times the first natural mode
of the beam.

Figure 2a shows the gain/frequency plot for the hollow box
beam. Divergence between the two models is apparent even at
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the first modal frequency and grows rapidly with frequency.
The first three modes differ by 8, 24, and 46%, respectively,
with the Timoshenko model predicting consistently lower
modal frequencies. Beyond the third mode, the models differ
qualitatively, with the Timoshenko model having several
modes between every mode of the Euler model. For this cross-
section, the ratio between the first natural frequency and the
Timoshenko shear mode cutoff frequency is only about 15.
The transfer function phase, shown in Fig. 2b, reflects even
more clearly the difference between the two models. Phase lag
of the Timoshenko model grows at a much greater rate than
the Euler-Bernoulli beam. This phase behavior is consistent
with delay vs frequency dependence obtained using the wave-
solution approach (see Fig. 1). The additional phase lag in the
Timoshenko model can be attributed to finite delay at high
frequencies, and the Euler model predicts delay approaching
zero for high frequencies.

For the same hollow cross section, but constructed of T300
composite, the ratio between the first Euler-Bernoulli model
modal frequency and the Timoshenko shear mode cutoff fre-
quency is reduced to only 3.2. As shown in Ref. 7, the diver-
gence between the models is even more severe, with the first
Euler-Bernoulli modal frequency 55% higher than the first
Timoshenko modal frequency. Beyond the first Euler-
Bernoulli modal frequency, the Timoshenko model has several
modes for each mode of the Euler-Bernoulli model.

V. Validity of Beam Models

As previously demonstrated, the important parameter in
determining the range of validity of the beam models is the
shear mode cutoff frequency. The Euler-Bernoulli model is
accurate only for frequencies much below (by at least a factor
of 20) the cutoff frequency. Use of the Euler-Bernoulli model
for control sytsem design is justified only if the control band-
width is much below the cutoff frequency. A design based on
the Euler-Bernoulli model that violates that restriction will
result in faulty performance predictions because of overesti-
mation of the modal frequencies. Even worse, closed-loop
control instability is likely due to underestimation of the phase
lag.

Figure 3 provides normalized curves for determining the
validity of the Euler-Bernoulli model for various cross sec-
tions. It shows the ratio of shear mode cutoff frequency to first
natural frequency as a function of normalized length. For the
circular cross sections length is normalized by the cross-sec-
tional radius; for the rectangular cross sections length is nor-
malized to the height of the cross section. For example, a
control system designed to control the first bending mode of a
beam with a circular shell cross section requires that the length-
to-cross-sectional ratio be at least 20 to justify the use of the
Euler-Bernoulli model.

The Timoshenko beam model is accurate for frequencies
well beyond the shear mode cutoff frequency. This fact can be
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observed by comparing the dispersion curves of the Timo-
shenko model and the accurate solution.’ The first branch of
the dispersion curve is within 1% of the exact solution. The
second branch of the Timoshenko model starts to diverge no-
ticeably from the exact model only at frequencies 20% higher
than the cutoff frequency. Few control problems require band-
widths higher than the cutoff frequency. Hence, in most appli-
cations Timoshenko beam model is adequate for control mod-
eling.

V1. Conclusions

A study of flexible manipulator link modeling provides
quantitative guidelines for determining the range of validity of
the frequently used Euler model. Use of the Euler model be-
vond the range introduces severe errors in the transfer func-
tions required for control analysis. A wave propagation analy-
sis is necessary to interpret the frequency response and
calculate the time delay present in a noncollocated control
system.
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Nomenclature

= target line-of-sight unit direction vector

=assumed energy level

= observation vector sensitivity to state vector
change matrix

=transformation from the trajectory state to
the observation vector

PssDr  =sensor and target position vectors,

respectively

R = observation vector noise covariance matrix, or

the distance from Earth’s center, as appro-

priate
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